We present a detailed analysis of spin squeezing of the one-axis twisting model with a many-body phase dephasing, which is induced by external field fluctuation in a two-mode Bose-Einstein condensates. Even in the presence of the dephasing, our analytical results show that the optimal initial state corresponds to a coherent spin state |θ 0 , φ 0 with the polar angle θ 0 = π/2. If the dephasing rate γ ≪ S −1/3 , where S is total atomic spin, we find that the smallest value of squeezing parameter (i.e., the strongest squeezing) obeys the same scaling with the ideal one-axis twisting case, namely ξ 2 ∝ S −2/3 . While for a moderate dephasing, the achievable squeezing obeys the power rule S −2/5 , which is slightly worse than the ideal case. When the dephasing rate γ > S 1/2 , we show that the squeezing is weak and neglectable.
Introduction
Spin squeezing of an ensemble of spin-1/2 particles have attracted considerable attention for decades because they are not only important in view point of fundamental physics but also have a lot of applications. For instance, a quantum interferometer felt with spin squeezed states (SSS) or multi-particle entangled states (MES) in the input ports can improve phase sensitivity beyond standard quantum limit (SQL) [1, 2, 3] . Dynamical generation of the SSS [4, 5] and the MES [6, 7, 8] has been proposed by using the 'one-axis twisting' (OAT) interaction, which leads to quantum correlation among individual spin in a collective spin system. In addition, the OAT scheme of spin squeezing can be transformed into the so-called two-axis twisting with a sequence of π/2 pulses [9] .
Under governed by the OAT Hamiltonian, the spin system can evolve from a coherent spin state (CSS) into a spin squeezed state, which shows the reduced variance V − below standard quantum limit (SQL)-S/2, where S is total atomic spin. The degree of spin squeezing ξ 2 (= 2V − /S) can reach the power rule S −2/3 , which is the ideal OAT result [4] . Experimental realizations of the OAT model has been proposed [10, 11, 12, 13, 14, 15, 16, 17] and demonstrated [18, 19, 20, 21, 22, 23, 24, 25, 26, 27] in a two-mode Bose-Einstein condensate (BEC).
Due to experimental imperfections in coupling pulses, atom losses, technique and quantum noises, etc., the achievable squeezing is worse than the theoretical prediction [28] . Recently, we investigated the dependence of spin squeezing on the initial CSS |θ 0 , φ 0 . Our results show that the scaling of ξ 2 depends sensitively upon the polar angle θ 0 ; it becomes ξ 2 ∝ S −1/3 [29] even when θ 0 is slightly deviated from its optimal value π/2.
In this paper, we investigate the effect of phase dephasing on spin squeezing of the OAT model. The dephasing process considered here is induced by external field fluctuation [30, 31, 32, 33, 34, 35, 36, 37, 38] , which gives rise to an enhanced decay of the phase coherence between two modes of the BEC [39] . We present the details of Ref. [29] to obtain analytical results of the strongest squeezing ξ 2 min . For the optimal initial CSS with the polar angle θ 0 = π/2, we find that the dephasing effect can be negligible as long as the dephasing rate γ ≪ S −1/3 . The ideal one-axis twisting is attainable with the best squeezing ξ 2 min ∝ S −2/3 [4] . For a moderate dephasing rate (i.e., S −1/3 < γ < S 1/2 ), our analytical result indicates that the achievable squeezing scales as S −2/5 , which is slightly worse than the ideal OAT case. As the dephasing rate increases up to S 1/2 , we find that the squeezing becomes very weak as ξ 2 ∼ 1. This paper is arranged as follows. In Sec. II, we consider quantum dynamics of the one-axis twisting model with a many-body phase dephasing, which describes quantitatively a two-mode BEC in the presence of the phase diffusion. The density-matrix elements are obtained by solving quantum master equation. In Sec. III, we investigate the OAT-induced spin squeezing by calculating exact solutions of five relevant quantities, Ŝ z , Ŝ + , Ŝ 2 z , Ŝ 2 + , and Ŝ + (2Ŝ z + 1) . With these expectation values at hands, one can numerically calculate the squeezing parameter ξ 2 . To get scaling behavior of ξ 2 , in Sec. IV, we consider short-time limit and large enough particle number. Analytical expression of the squeezing parameter is obtained, with which we analyze power rules of ξ 2 according to the role of the phase dephasing. Finally, we conclude in Sec. V with the main results of our work.
The one-axis twisting Model
We focus on a two-component Bose-Einstein condensates with the internal states | ↑ and | ↓ that is confined in a deep three-dimensional harmonic potential. Quantum dynamics of the total system can be described by the Lindblad equation (h = 1):
whereĤ = χŜ 2 z , known as the one-axis twisting Hamiltonian [4] , can be realized in a twomode BECs [10, 11, 12] with the interaction strength χ tunable via the Feshbach resonance technique [25] or the BEC spatial splitting [26] . Atomic spin
† =b † ↑b ↓ represent atomic population imbalance and phase coherence between the two bosonic modes. The second term in Eq. (1) simulates a phase dephasing of the BEC due to magnetic-field fluctuations [30, 31, 32, 33, 34, 35, 36, 37, 38, 39] . Such a kind of many-body decoherence has also been studied in cavity-QED system [40, 41] .
Due to particle-number conservation, the OAT Hamiltonian and the super-operator in the Eq. (1) commutes with total angular momentum operatorŜ 2 . Consequently, the state at any time t can be expanded in terms of common eigenstates ofŜ 2 andŜ z , i.e., {|S, m } with total angular momentum S = N/2 and m = −S, −S +1, · · ·, S. Using the basis, the density-matrix operatorρ readsρ
with the elements ρ m,n = S, m|ρ|S, n satisfying
Assume that the BEC system evolves from a coherent spin state (CSS) [42] :
, with the probability amplitudes
Exact solutions of Eq. (3) can be obtained with the density-matrix elements
where τ = χt and γ = Γ p /χ. The first term on the right-hand side of Eq. z . The last one is the dephasing term due to magneticfield fluctuation and has been obtained previously [43, 44, 45, 46] . Particularly, Takeuchi et al. [43] considered a light-induced spin squeezing in an atomic gas and obtained almost the same result with ours. However, their result is based upon an approximated commutation relation of the Stokes operators of light. Here we present exact solution of the density-matrix elements, which describes quantitatively the OAT-induced spin squeezing in a two-mode BEC in the presence of the phase dephasing.
Spin squeezing of the OAT model
Starting from a CSS |θ 0 , φ 0 , unitary evolution of the spin system under the OAT Hamiltonian leads to spin squeezing and multipartite entanglement. Both of them can be quantified by the variances of a spin componentŜ ψ =Ŝ · n ψ that is normal to the mean-spin vector Ŝ ≡ ( Ŝ x , Ŝ y , Ŝ z ), i.e., n ψ · Ŝ = 0. As usual, the expectation value of an operator ∧ O is defined by ∧ O = Tr(ρ ∧ O). For a given stateρ, the mean spin and its direction n 3 = Ŝ /| Ŝ | can be determined uniquely, which in turn gives n ψ = n 1 cos ψ + n 2 sin ψ, with three orthogonal vectors n 1 , n 2 , and n 3 (for details see Ref. [29] ). The increased and the reduced variances of the spin componentŜ ψ are defined, respectively, as
2 , with
where A, B, and C depend only on five expectation values (see Appendix A): Ŝ z , Ŝ + , Ŝ 2 z , Ŝ 2 + , and Ŝ + (2Ŝ z + 1) . According to Kitagawa and Ueda [4] , a spin state is squeezed only if the variance V − is smaller than the SQL, S/2, namely the squeezing parameter
The spin squeezed state is useful to improve frequency resolution in spectroscopy provided that ζ
, which provides a sufficient criterion for the degree of multipartite entanglement [12] . In addition, the squeezing parameter can be defined as
2 [47] . The three definitions are slightly different in magnitude,
2 ), the minimum values of them obey almost the same power rule [43] , so we only focus on the squeezing parameter ξ 2 . Based upon Eq. (5), we now calculate exact solutions of the mean spin and the variances V ± . After some straightforward calculations, we can obtain (see Append. A, or Ref. [29] )
where the population imbalance Ŝ z is time-independent, and
From Eq. (8), we note that the phase dephasing considered in Eq. (1) imposes an exponential decay term e −γτ to the phase coherence | S + |, but maintains the population imbalance Ŝ z intact. Moreover, it is easy to obtain Ŝ x = Re Ŝ + = | Ŝ + | cos(φ) and Ŝ y = Im Ŝ + = | Ŝ + | sin(φ), with the argument of Ŝ + :
Here, φ 0 is the azimuth angle of the initial CSS. The variances V ± depend upon the coefficients A, B, and C (see Append. A). In real calculations of them, only cos(φ) and sin(φ) are required, which depends on Ŝ + . In addition, we need to solve the following expectation values:
and
Substituting the above results into the coefficients A, B, and C, one can obtain the variances V ± and also the squeezing parameter ξ 2 . In Fig. 1 , we plot exact numerical results of ξ 2 (solid lines) for different values of the dephasing rate γ. We find that the strongest squeezing occurs at a certain time τ min (= χt min ), with its position indicated by the arrows of Fig. 1 .
Scaling behaviors of the squeezing parameter
In order to analyze scaling behaviors of ξ 2 , we now consider the short-time limit (i.e., τ = χt ≪ 1) and large enough particle-number (S = N/2 ≫ 1), so Eq. (9) can be approximated as R(τ ) ≈ S exp(− 1 2 τ 2 sin 2 θ 0 )e iτ cos θ0 , which in turn yields 
where the argument of Ŝ + now becomes φ ≈ φ 0 + 2Sτ cos(θ 0 ), and
Note that without the dephasing, the phase coherence reduces to
with the coherent time
. Such a kind of exponential decay is well known as the so-called phase diffusion of a two-mode BEC. For the BEC atoms, the nonlinearity χ ∝ 1 2 (a ↑↑ + a ↓↓ − 2a ↑↓ ) depends upon the intra-and the inter-species atom-atom scattering lengthes. When the three coupling constants are close to each other, the coherence time t d increases dramatically due to χ → 0 [48] . If we take the phase dephasing into account (i.e., γ = 0), the phase diffusion process will speed up, as demonstrated recently in Ref. [39] . In what's following, we will investigate the role of the phase dephasing on the spin squeezing.
Firstly, using Eq. (15) On the other hand, we can reduce the increased variance V + by keeping the lowest-order of β (see Appendix B). Finally, using the relation V − = (V + V − )/V + , we obtain analytical result of the reduced variance and also the squeezing parameter:
where β is given by Eq. (17) and θ 0 is polar angle of the initial state. In Fig. 1 , we compare our analytical result of ξ 2 (red dash) with its exact solution (solid line) for different values of the dephasing rate γ. When γ is not too large, we find that Eq. (18) works well to predict the minimal value of the squeezing parameter ξ 2 min = 2V − (τ min )/S. This is because both the analytical and the exact results almost merge with each other around the maximal-squeezing time τ min .
Based upon Eq. (17) and Eq. (18), we now analyze in detail the role of the phase dephasing on the spin squeezing. If the first term on right-hand side of Eq. (18) 
From the relation (dξ 2 /dτ ) τmin = 0, we obtain the maximal-squeezing time:
Substituting Eq. (20) back to Eq. (19), we further obtain the smallest value of ξ 2 :
For the initial CSS with θ 0 = π/2, Eq. (21) shows ξ
, which is the best squeezing that the one-axis twisting scheme can reach [4, 29] . Considering a large enough particle-number with S = N/2 = 10 3 , we can obtain τ min ≈ 7.565 × 10 −3 and ξ To proceed, let us consider the case γ < Sτ sin 2 (θ 0 ), but γτ > [4S sin 2 (θ 0 )] −1 , for which the first term of Eq. (18) becomes important in a comparison with the second one so we get
where β ≈ Sτ 2 sin 2 (θ 0 ). Minimizing ξ 2 with respect to τ , we obtain
From Eq. (23), we find that the strongest squeezing appears at τ ∝ γ 1/5 S −3/5 for θ 0 = π/2, and τ ∝ γ 1/5 S −4/5 for θ 0 = π/2. Using the conditions γτ > [4S sin 2 (θ 0 )] −1 and γ < Sτ sin 2 (θ 0 ), it is easy to find that Eq. (24) works quite well for a relatively weak dephasing rate with S −1/3 < γ < S 1/2 (θ 0 = π/2), or S −1/6 < γ < S 1/4 (θ 0 = π/2). As shown in Fig. 1(b) , for the case S = 10 3 and γ = 1, Eq. (23) Fig. 1(c) ]. Moreover, we find that the red solid line of Fig. 2 , given by Eq. (24) for θ 0 = π/4, shows clearly that ξ 2 min increases rapidly with γ in the regime −0.2 < ln(γ)/ ln(S) < 0.25.
Our analytical results, Eq. (21) and Eq. (24), can not work to predict the spin squeezing when γ becomes large. For instance, let us consider γτ > [4S sin 2 (θ 0 )] −1 and γ > Sτ sin 2 (θ 0 ). In this case, Eq. (22) reduces to
with β ≈ γτ . Actually, when γ > S 1/2 (θ 0 = π/2), or γ > S 1/4 (θ 0 = π/2), the squeezing effect is week due to ξ 2 ≈ 1, as shown by the blue dotted line of Fig. 2 . For a fixed S (= N/2), we find from Fig. 3(a) that the achievable squeezing depends upon the polar angle of the initial state; the initial CSS with θ 0 = π/2 is the optimal one to minimize ξ 2 even in the presence of phase dephasing. In Fig. 3(b) , we focus on the optimal case θ 0 = π/2 and investigate the dependence of ξ 2 min on S for the dephasing rates γ = 0 (open circles), 1 (red crosses), and 3.3 (blue triangles). The three curves, given by our analytical results, show good agreement with the exact numerical simulations for large enough particle number (say S = N/2 > 10 2 ). More interestingly, it is also found that the slop of the solid curve is different with that of other two lines. This is because our analytical result for the case γ = 0, Eq. (21), predicts ξ 2 min ∝ S −2/3 [4] ; while for a small but nonzero γ, Eq. (24) gives ξ 2 min ∝ S −2/5 . Such a power rule has been also obtained by Takeuchi et al. [43] . However, their scheme is based upon a double-pass Faraday interaction between atoms and far-off-resonant light. In addition, the starting point of their work, though quite similar with Eq. (5), is derived by an approximated commutation relation of the light-field Stokes operators [43] .
Conclusion
In summary, we have investigated the role of phase diffusion on spin squeezing of the one-axis twisting model. Our results show that the spin squeezing depends upon the initial state |θ 0 , 0 (= e −iθ0Ŝy |S, S ). The optimal initial state corresponds to the polar angle θ 0 = π/2, even in the presence of phase dephasing. If the dephasing rate γ = Γ p /χ ≪ S −1/3 , the dephasing effect is negligible and the ideal one-axis twisting is restored. The strongest squeezing scales as ξ 2 min ∝ S −2/3 . For a moderate dephasing rate (i.e., S −1/3 < γ < S 1/2 ), the achievable squeezing obeys the power rule ξ 2 min ∝ S −2/5 , which is slightly worse than the ideal case. When the dephasing rate γ > S 1/2 , we show that the squeezing becomes very weak due to ξ 2 ∼ 1.
Exact solutions of the squeezing parameter
As Eq. (6), the reduced and the increased variances depend upon the coefficients A, B, and C (for details, see Ref. [29] ):
where the angles θ and φ are determined by the mean spin S = ( S x , S y , S z ), with
Here, Ŝ x = Re Ŝ + and Ŝ y = Im Ŝ + , as mentioned above. Note that the above formulae are valid for any SU(2) system. Moreover, one can find that A, B, and C depend only on five expectation values: Ŝ z , Ŝ + , Ŝ 2 z , Ŝ 2 + , and Ŝ + (2Ŝ z + 1) . Although the argument φ appears in the coefficients, we do not need to know its explicit expression. Instead, only cos(φ) and sin(φ) are needed in real calculations of the coefficients and hence the variances V ± .
Starting with an initial CSS |θ 0 , φ 0 , the OAT model can be solved exactly. For instance, we calculate the expectation value Ŝ l + ≡ Tr(ρŜ 
where R(lτ ) = cos(lτ ) + i cos(θ 0 ) sin(lτ ), and we have used the binomial formula:
With the help of Eq. (A.6) and Eq. (A.7), we can obtain the exact solutions of Ŝ + and Ŝ 2 + , given by Eq. (8) and Eq. (12), respectively.
We note that without the dephasing, the spin system evolves under governed by the OAT HamiltonianĤ = χŜ 
which gives Eq. (13) . Finally, we calculate the population imbalance and its variance:
where we have used the normalization condition m ρ m,m (0) = 1. So far we have solved all the quantities that relevant to get the coefficients A, B, and C, with which we can calculate exactly the variances V ± , and hence the squeezing parameter ξ 2 .
Appendix B* Short-time solutions of the squeezing parameter
To obtain analytical results of the coefficients A, B, and C, we have to make further approximations [29] , sin(θ) = | Ŝ + |/| Ŝ | ≈ sin(θ 0 ) and cos(θ) = Ŝ z /| Ŝ | ≈ cos(θ 0 ), where θ 0 is polar angle of the initial CSS. Substituting Eq. (15) Following Kitagawa and Ueda [4] , we focus on a time regime τ < Sτ 2 ≪ 1 and γτ ≪ 1, which allows us to expand the coefficients A, B, C in terms of β because of β ≪ 1. Firstly, we calculate the product of the variances V + V − , which is given by Eq. (6),
To calculate it, we expand C ± A and B 2 up to the third-order of β (also γτ ) and obtain For brevity, we will omit the last term 3 cos 2 (θ 0 )β 2 (· · ·)/2, though its contribution may be larger than that of the term 2β 3 /3. Next, we calculate the increased variance V + . From Eq. (B.1)-Eq. (B.2), we note that the leading terms of the coefficients A ∝ S 2 β (∝ S 3 τ 2 ) and B ∝ S 2 τ . In the time scale with S 2 τ > 1, it is easy to find that A > B, so the increased variance can be simplified as 
